Abstract. Consider fM t g, a semi-stable family of compact, connected algebraic curves which degenerate to a stable, noded curve M 0 . The uniformization theorem allows us to endow each curve M t in the family, as well as the limit curve M 0 (after its nodes have been removed), with its natural complete hyperbolic metric (i.e. constant negative curvature equal to À1), so that we are considering a degenerating family of compact hyperbolic Riemann surfaces. Assume that M 0 has k components and n nodes, so there are n families of geodesics whose lengths approach zero under degeneration and k À 1 families of eigenvalues of the Laplacian which approach zero under degeneration. A problem which has received considerable attention is to compare the rate at which the eigenvalues and the lengths of geodesics approach zero. In this paper, we will use results from complex algebraic geometry and from heat kernel analysis to obtain a precise relation involving the small eigenvalues, the short geodesics, and the period matrix of the underlying complex curve M t . Our method leads naturally to a general conjecture in the setting of an arbitrary degenerating family of hyperbolic Riemann surfaces of ®nite volume.
§1 Introduction
For a compact hyperbolic Riemann surface M, the spectrum Spech M of the associated Laplacian h M which acts on the space of smooth functions on M is discrete; the sign of the Laplacian is chosen so that all eigenvalues are non-negative. If M is a non-compact hyperbolic Riemann surface of ®nite volume, it is well-known (see, for example, Chapter 6.9 of [He 83]) that the essential spectrum of the Laplacian h M is contained in 1a4Y y, so the set Spech M 0Y 1a4 consists only of discrete eigenvalues. Further, for any ®nite volume surface M, the number of eigenvalues of h M in 0Y 1a4, known as small eigenvalues, can be bounded by a constant depending only on the topological data of M (see Chapter X of [Ch 84]). Since one can continuously deform compact hyperbolic Riemann surfaces by pinching a ®nite number of geodesics to zero so that the limiting surface is non-compact, it is natural to consider the asymptotics of the spectrum of the associated family of Laplacians.
In [CC 89] , it was shown that, in slightly imprecise terms, the family of small eigenvalues of a degenerating family fM t g of either compact or non-compact ®nite volume surfaces varies continuously through degeneration (see also [He 90 ] and, for a proof using heat kernels, see [HJL 97] ). Since the dimension of the zero eigenspace of h M is equal to the number of connected components of M, the dimension of this space can increase through degeneration. Therefore, a particular problem is to consider the rate at which the small eigenvalues approach zero under degeneration and, when possible, compare the rate at which these small eigenvalues approach zero to other topological data associated to the family of Riemann surfaces.
The purpose of this note is to study the rate at which the small eigenvalues approach zero through degeneration. Our starting point is to utilize the``double-pole'' conjecture of the Polyakov string integrand, as proved in [BM 86] . From this, we shall de®ne a function involving lengths of geodesics which are tending to zero under degeneration, eigenvalues of the Laplacian which approach zero under degeneration, and data from complex algebraic geometry, namely the determinant of the imaginary part of the period matrix relative to a particular basis of holomorphic 1-forms and the ®rst homology group. The main result of this paper is that our function has a non-zero ®nite limit when considering a family of compact hyperbolic Riemann surfaces whose limit is a non-compact surface.
Since the problem in hand has received considerable attention, it is not possible, due to space considerations, to give a complete discussion of other results which have been obtained in this area. Instead, let us focus on related work yielding results most similar to our main theorem. One of the ®rst results in the investigation of the question under study is from [SWY 80] , where the authors prove the following theorem. Let M be a connected, compact hyperbolic Riemann surface of genus g 2. For 1 m 2g À 3, let C m denote the class of all disjoint unions of simple closed curves which divide a given compact surface M into m 1 components. Let
where lC is the sum of the lengths of the component curves of C; let fl j Mg be the sequence of eigenvalues of the Laplacian h M which acts on the space of smooth functions on M, and order the eigenvalues so that
The main result of [SWY 80 ] asserts the existence of positive constants 1 and 2 depending solely on g such that We shall consider a family fM t g of compact, connected, hyperbolic Riemann surfaces of genus g which degenerates to a stable, noded Riemann surface M 0 with n nodes. Explicit constructions of a holomorphic family fM t g of compact Riemann surfaces of genus g which degenerates to a given limit surface M 0 , which is a stable, noded algebraic curve in the sense of Deligne-Mumford, are discussed throughout the literature; see, for example, Chapter 3 of [Fa 73] or Section 2 of [Ma 76]. These constructions yield holomorphic families parameterized over n copies of a slit punctured disc D s , which is obtained by taking the punctured disc D and removing a ray connecting the removed origin to a boundary point, i.e. D s fz e C j 0`jzj`1 and Argz H g for a given, ®xed e ÀpY p. By`t 3 0', we mean that no component t j of t is equal to zero and that the vector t approaches zero along a ray in D s n . (In particular, to ®x ideas, the reader could consider the case when all t j 's are equal.)
Holomorphic families of Riemann surfaces can of course be de®ned over n copies of the punctured disc fz e C j 0`jzj`1g. Indeed, they can be parametrized in a more general way, described as follows. Let S be an open domain in C n which admits an analytic embedding into the stably compacti®ed moduli space having the following properties: a) There is a point p e S such that the set Snf pg embeds into the interior of the moduli space, that is, Snfpg embeds into the moduli space of non-singular Riemann surfaces;
b) The domain S and the Deligne-Mumford boundary of the moduli space intersect transversally at p.
One such explicit construction is given in Chapter 3 of [Fa 73] in the case when S is the unit disc in C. This construction extends immediately to the setting where S is a product of unit discs. A family of Riemann surfaces parameterized over the base S is obtained by restricting the universal curve to S.
As a prerequisite to our arguments, we need to choose and ®x a basis of H 1 M t Y Z for each t e S. In general, there is a well-de®ned basis of H 1 M t Y Z only if the number of components of the singular surface over p e S is one more than the dimension of S. To avoid this complication, we restrict our attention to a sub-family of Rie-mann surfaces de®ned over an open, simply connected subset S H of Snf pg such that p is in the closure (in S) of S H . In particular, we restrict attention to the situation that S is a product of unit discs D n with p corresponding to the origin, and S H is a product of slit punctured discs D s n . We note here that a di¨erent choice of S H would, in general, a¨ect the basis of H 1 M t Y Z under degeneration, and hence would alter the constants C and C 1 appearing in Lemma 5 and Lemma 8 respectively.
Given a holomorphic family fM t g parametrized over D s n with a natural basis of H 1 M t Y Z and corresponding dual basis of holomorphic 1-forms fz i g let t be the corresponding period matrix of M t . We note that by a standard application of Riemann's bilinear relations, the imaginary part of the period matrix Im t is symmetric and positive de®nite (see page 63 of [FK 92]).
If the limit surface M 0 has k components, then the k À 1 smallest non-zero eigenvalues fl j tg of the hyperbolic Laplacian h M t on M t approach zero. Let sev M t be the product of the k À 1 small eigenvalues which approach zero; if k 1, then de®ne sev M t to equal 1. Similarly, let sge M t be the product of the lengths of the n geodesics whose lengths are approaching zero, which we call the pinching, or short, geodesics.
The main result of the paper is the following. Theorem 1. Let fM t g be a family of compact, connected, hyperbolic Riemann surfaces of genus g which degenerates to a stable, noded Riemann surface M 0 with n nodes and k components. Let sev M t be the product of the small eigenvalues on M t , and let sge M t be the product of the lengths of pinching geodesics on M t . Let t be the family of period matrices on M t . Then the limit
exists and is non-zero.
We remark here that our proof shows that the limiting value depends solely on the limit surface M 0 and the limit basis of H 1 M 0 Y Z, and not on the particular degeneration t 3 0 under consideration, cf. also the remarks after Corollary 2. In Conjecture 9 we state precisely a conjecture as to the structure of the limiting value.
Note also that if n k À 1, then the results from Corollary 2. Under the conditions of Theorem 1, assume M 0 has n nodes and n 1 components. Then the limit
The factor det Im t is the only term in Theorem 1 which depends on the choice of the slit disc D s . However, the structure of the asymptotic behavior in t of logdet Im t is independent of the choice of the D s . If one were to make a di¨erent choice of slit discs, the change in the limit asserted in Theorem 1 would be calculable in terms of the action of an associated element of the symplectic group Sp g Z which acts on the ®rst homology group of (possibly disconnected) the limit surface M 0 (see page 60 of [FK 92]).
Although we have de®ned all the terms used in the statements of the various results necessary for our proof of Theorem 1, it is not possible to give a brief, thorough discussion of all the necessary background material. We refer the reader to the works cited in the bibliography for further details. §3 Proof of main theorem Let M be a compact Riemann surface of genus g 2 endowed with the unique Riemannian metric of constant curvature equal to À1 which is compatible with the underlying complex structure. Let us consider a local variation in M g . Let fz i g be a holomorphically varying family of holomorphic 1-forms, and let fj i g be a holomorphically varying family of holomorphic 2-forms on M g in a neighborhood of M. Let h MY k be the Laplacian which acts on the space of smooth k-forms on M, relative to the hyperbolic metric, and let det Ã h MY k be the determinant of the Laplacian obtained through zeta function regularization, whose de®nition we now recall. Let fl MY kY m g be the sequence of non-zero eigenvalues of the Laplacian h MY k , and de®ne the zeta function
The above series converges for all s e C with Res su½ciently large. Using small time asymptotics of the heat kernel associated to h MY k , one can prove that the zeta function z MY k s has a meromorphic continuation to all s e C which is holomorphic at s 0 (see [MP 49] 
Proof. These relations were ®rst proved in [DP 86]: see formulae (3.11) and (3.8) of that paper.
By combining the formulae in Lemma 3 and Lemma 4, we obtain the di¨erential equation
0X
Our main theorem will follow by studying (1).
In order to study (1) locally in M g , one needs to choose a locally holomorphically varying basis of holomorphic 1-forms fz i g, which, by the Riemann-Roch theorem, has (complex) dimension g, and a locally holomorphically varying basis of holomorphic 2-forms fj i g, which has dimension 3g À 3 (see page 80 of [FK 92]). We are interested in solving (1) over the simply connected region D s n , which parameterizes a degenerating family of compact Riemann surfaces fM t g, and then studying the behavior of the solution as t 3 0.
Lemma 5. Let D s n parameterize a semi-stable degenerating family of compact hyperbolic Riemann surfaces. Then, with the above described families of holomorphic 1-forms and holomorphic 2-forms, there is a non-vanishing holomorphic function F on D s n such that
Furthermore, there is some constant C (which depends on M 0 , on the choice of the basis of holomorphic 2-forms fj i g and the choice of local coordinates ft j g, but is independent of the way t 3 0 in D s n ) such that logjF tj 2 À2 n j1 logjt j j 2 C o1X as t 3 0 in D s n .
Proof. Lemma 6. With notation as above, there exist universal constants c 1 and c 2 such that as t 3 0 in D s n we have the asymptotic formulae:
Proof. Let PDM t denote the set of lengths of inconjugate primitive pinching geodesics, counted with multiplicity. Set
Then for Res 2 À s b À1a4 we have, after taking logarithms and integrating the formula given in Theorem 4.5 of [JL 97]
where sevY M t denotes a product over the small eigenvalues on the surface M t . To complete the proof of Lemma 6, it su½ces to study the behavior of Z M t s as t 3 0 for s 1 and s 2. To do this, we recall the de®nition of the Dedekind Delta function (see e.g. [Se 73])
which is valid whenever Imt b 0 and which satis®es the functional equation
Thus one can obtain the asymptotics of Z M t 1 and Z M t 2 via this functional equation, taking t ila2p. (Note that for each pinching geodesic, there are two inconjugate, primitive homology classes corresponding to the two di¨erent possible orientations of the geodesic, so there are two such factors, i.e. two di¨erent Dedekind Delta functions, which appear for each l j in l. This factor of 2 is necessary in the calculations outlined above.)
In order to compare the asymptotic formulae in Lemma 5 and Lemma 6 we need the following result.
Lemma 7. Under the degeneration t 3 0 given above, we have
Y from which we obtain the asymptotic formula
Proof. The result is quoted directly from Example 4.3 of [Wo 90].
To complete the study of all quantities which appear in Lemma 3, we need the following formulae.
Lemma 8. With notation as above, we have:
where C 1 depends on the basis of 2-forms fj i g and the limit surface M 0 .
Proof. The ®rst assertion is a direct consequence of the classical Riemann bilinear relations. The ®rst two terms in (b) follow directly from p. 634 of [Ma 76], where the author obtained a partial asymptotic expansion (out to O1) of the determinant of the matrix of inner products of holomorphic 2-forms, viz.
The limitation of the method in [Ma 76] was the lack of a su½ciently precise asymptotic expansion of the hyperbolic metric in neighborhoods of the pinching geodesics, which was later obtained in [Wo 90] (see Expansion 0.1 and 4.2). Thus, by combining these results, one can replace the error O1 in (3) with the term C 1 o1, which completes the proof of the lemma.
Proof (of Main Theorem). If we write Lemma 5 in terms of the length parameters via Lemma 7, we obtain the formula
for some constant C 1 . In other words, the quantity logjF tj 2 À n j1 8p 2 l j has a ®nite limit under degeneration. From Lemma 6(a) and Lemma 8(a) we get
for some constant C 2 . From Lemma 6(b) and Lemma 8(b) we get
for some constant C 3 . Theorem 1 follows by combining these asymptotic formulae and Lemma 5. §4 Concluding remarks , namely that an asymptotic expansion out to o1 exists, from which we conclude the same for the logarithm of our function. It is interesting to note that this weaker version of Theorem 1 (bounded through degeneration, not necessarily having a limit) is itself a surprising relation between the short geodesics, the small eigenvalues, and the determinant of the imaginary part of the period matrix.
A problem which remains is to consider Theorem 1 in the setting of degenerating non-compact surfaces. Finally, we remark that in [SWY 80], the authors obtain bounds on small eigenvalues not just for the hyperbolic metric, but for general metrics of negative curvature. In our setting, we can prove analogues of Theorem 1 and Corollary 2 for any family of metrics obtained by a compactly supported conformal perturbation of the hyperbolic metric such that the support of the perturbation remains bounded away from the pinching geodesics. To do so, one simply uses the result obtained in the hyperbolic case, namely Lemma 6 and the relation to the hyperbolic determinant of the Laplacian as stated above, together with the Polyakov variation formula which relates two determinants of the Laplacian under a conformal change of metric. Elementary considerations immediately yield an extension of Lemma 6 to the non-hyperbolic consideration (although we lose the interpretation of the determinant of the laplacian in terms of special values of zeta functions, other than the spectral zeta function). The other steps in the above arguments are identical to those in the hyperbolic case. 
